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1. Introduction

Controlled release formulations can be used to reduce the
amount of drug necessary to cause the same therapeutic effect in
patients. Mathematical models predicting the dynamics of solute
concentration and mass flux are of interest for biomedical engi-
neers and clinicians, because good models can provide insights
concerning mass transport and chemical processes and offer a sug-
gestion for optimizing the design and technology of drug delivery
system. Since Higuchi published his remarkable work in the early
1960s (Higuchi, 1961, 1963), many mathematical models have
been developed to interpret the kinetics of drug release process.
Some exact and approximate solutions were obtained to predict
the amount of drug release for designing matrix system.

In controlled drug delivery system, diffusion is the basic mech-
anism. Most of the models describing drug release from a slab
matrix are based on Fick’s first and second laws. However, the
diffusion processes in complex systems named ‘anomalous diffu-
sion’ usually no longer follow Gaussian statistics, and Fick’s second
law fails to describe the related transport behavior (Metzler and
Klafter, 2000b). Many mathematical models are used to describe
the anomalous diffusions, such as continuous time random walk
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(CTRW) models, generalized diffusion equations, Langevin equa-
tions and so on. Using the CTRW models, the Brownian motion
can be generalized to sub-diffusion or dispersive transport, to Lévy
flights or to Lévy walks. All of these models can be mapped onto
the corresponding fractional equations (Metzler and Klafter, 2004).
Although the fractional calculus has been conceptualized since
1695 (Miller and Ross, 1993), its connections with these statistical
models have not been formally established until the last 20 years
(Mandelbrot, 1983; Podlubny, 1999; Kilbas et al., 2006).

In this paper, some mathematical aspects on diffusion models
of drug release process based on integer and fractional deriva-
tives are shown. The review is organized as follows: In Section 2,
we show some mathematical models of drug release using inte-
ger order operators. The models considering anomalous diffusion
in both non-degradable and degradable matrices using fractional
derivatives are presented in Section 3. Some results of fractional
models are given in Section 4. In Section 5, the conclusions are
given.

2. Models based on classical Fick’s law
2.1. Pseudo-steady-state assumption

Higuchi (1961) firstly developed a remarkable simple model to
simulate the drug release process from ointment in a planar system
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Fig. 1. Profile of concentration in Higuchi’s model.

(Fig. 1). The well-known Higuchi’s result is given as
(2Co - G)GsDt, (1)

where Q is the amount of drug absorbed at time t per unit area. Cy
is the initial loading of drug. C; is the solubility of drug and D is the
diffusion coefficient of drug.

The model is based on the assumption named ‘pseudo-steady-
state’, which supposes a linear concentration profile in the diffusion
region of a planar system. Another important assumption is that
the initial drug loading Cy should be greater than Cs, which implies
that the drug release system is diffusion-controlled. Perfect sink
condition implies the drug is absorbed or removed immediately
after it diffuses out from the ointment.

Higuchi (1963) studied the drug release process from granular
matrix in a planar system. The extensive formula is given as

0=/ 26—, @)

where ¢ is the porosity of matrix system and 7 is the tortuosity
factor which is introduced to correct the effect of granular matrix.
He also studied the drug release mechanism in a spherical system.
But the relation between amount of drug release and parameters
of a spherical system is not simple as formula (1).

2.2. Moving boundary problem

Formula (1) is convenient to use because only parameters of
drug release system and release time are needed and its result
coincides with the experimental data when Cg>»> C;. But in the
case Cyp — Cs, deviations from the real mass transport rates become
significant. To overcome this shortcoming, Paul and McSpadden
(1976) and Paul (1985) generalized the classical Stefan model to the
research of drug release process from planar matrix and laminated
matrix. Fick’s second law

oC 9%C
o Doz

is applied as the governing equation in diffusion region (0 <x <S(t),
Fig. 2) with the initial and boundary conditions

(3)
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Fig. 2. Profile of concentration of one moving boundary problem.

and the mass balance equation

X x=5(t)

(G-G) (4)

which is known as ‘Stefan condition’ mentioned in the book of
Crank (1987) is adopted at diffusion interface S(t). The exact solu-
tion of the model in planar system (Paul and McSpadden, 1976)
is

erf(d)
erf(5*)
where erf(z) is the error function and

s X s _ S
~ 2Dt ~ 24Dt

C
* *2 *) _ S
JTré* exp(8*4)erf(5*) = G

C:Cs

(5)

Consequently, the exact amount of drug release to semi-infinity
space can be written as

2¢; [t
M=o\ 7 (©)

Compared with the exact solution (6), the error of Higuchi’s approx-
imation (1) is less than 1% when Cy/Cs>10, while in the case
Co/Cs — 1, it is greater than 11.3%.

Abdekhodaie and Cheng (1997) studied the drug release kinetics
of a solute from planar and spherical matrices into a finite exter-
nal volume by using the combination of variables method. They
obtained the exact solutions which have the similar form to formula
(5). Their results indicate that fractional release and the maximum
fractional release increase as the increase of the external fluid vol-
ume, but fractional release decreases as the increase of initial drug
loading at external volume.

From the viewpoint of mathematics, the presence of moving dif-
fusion interface leads to the nonlinearity of the system, and only a
few exact solutions can be obtained (Crank, 1987). Many approxi-
mation methods have been applied to solve the moving boundary
problems of integer order, e.g., the refined integral method (Lee,
1980), the perturbation method (Aziz and Na, 1984; Cohen and
Erneux, 1988a,b; Lin and Peng, 2005), and so forth (Ozisik, 1993;
Crank, 1987).

Lee (1980) successfully applied refined integral method, which
has been demonstrated to be effective in phase change problem, to
the moving boundary problems in both planar and spherical sys-
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tems with perfect sink condition. The approximation amount of
drug release in a planar system is given as

1+H
M; = CsvD
T BH

Go Go
H= S(CS)—4+ (Q) -1.
This expression of M; is similar to Higuchi’s result (1) and the exact
expression (6). Compared with formula (1), (7) keeps the simplic-
ity and shows the higher accuracy for any values of the initial
drug loadings. The refined integral method is also used to study

the kinetics of degradable matrix system with constant degradable
velocity (Lee, 1980). The results can be written as

Mt Ba Cg 1 as

=3+ (p) 5 (3+%)

as = S0 4 sh Sh (1+28h)

3—C+ - (a"r ) - + )
1 Co

n=3(1-2) (%)

where § is dimensionless diffusion interface, B is the constant
degradable velocity having the dimensions of a, and 7 is dimen-
sionless time.

In some pharmaceutical fields, many simple empirical formulae
can also be accepted for the prediction of drug release in order
to avoid complicated mathematical analysis. Ritger and Peppas
(1987a,b) developed a new semi-empirical, exponential expression
of fractional release of drug

% = kt", (8)

o0

(7)

where k is a constant incorporating characteristics of the macro-
molecular network system, and n is the diffusional exponent which
relates to the transport mechanism. The semi-empirical solution
can be applied to many areas of drug delivery system.

3. Mathematical models with fractional operators

Anomalous diffusion has been known since the treatise of
Richardson (1926) on turbulent diffusion. Over the past few
decades, many efforts have been made to provide the physical
interpretations of the empirical data in disorder media by the
aid of fractional calculus (Dokoumetzidis and Macheras, 2009;
Dokoumetzidis et al., 2010a,b; Kytariolos et al., 2010; Liu and
Xu, 2009; Metzler and Klafter, 2000b; Tan et al.,, 2007; Voller,
2010). Due to the heterogeneous character in the complex sys-
tems, fractional operators can be introduced as a powerful tool.
The advantage of fractional operators is the flexible orders of frac-
tional derivatives and integrals which have a range of applications.
Considering the viscoelasticity of the cytoplasm and its complex
structures, Tan et al. (2007) developed an anomalous sub-diffusion
model for exploring calcium spark formation in cardiac myocytes.
The fractional operators were also used to reproduce the experi-
mental results by moderating the order of fractional derivatives.
Dokoumetzidis and Macheras (2009) showed that a fractionalized
zero-order release give rise to power law kinetics by using frac-
tional calculus and it provided a physical interpretation of the
empirically used power law for the description of the entire release
curve. Voller (2010) used the fractional differential equation to
describe anomalous diffusion behaviors of Stefan melting prob-
lem in heat transfer where heterogeneities at all scales are present.
Some other applications of fractional calculus on pharmacokinet-
ics have been presented recently (Dokoumetzidis and Macheras,
2009; Fuite et al., 2002; Macheras, 1995, 1996; Marsh and Tuszyski,

2006). Fractional calculus can provide a unified basis to interpret
the transport and heterogeneous processes of drug release.

3.1. Fundamentals of fractional calculus

In this section, three kinds of fractional operators and their prop-
erties are listed (Kilbas et al., 2006; Podlubny, 1999).

3.1.1. Definitions

Let [0, t] be a finite interval on the real axis R. The
Riemann-Liouville fractional integral and derivative operators are
defined as

ﬂ
D dt > 0), 9
oD, *f(0) ﬂ)/ t)lﬁ (B>0) (9)

oDEf(t):=

a [ 1 1@
dtn |:F(n—0[) A (t_t)ll+lnd‘[:| (Tl—] <O[§n)'
(10)

The Riemann-Liouville (R-L) fractional operators have played an
important role in the development of theory of fractional calcu-
lus due to their applications in pure mathematics. However, R-L
fractional operators lead to initial conditions containing the limit
values of the R-L fractional derivatives at the lower terminal t=0.
The Caputo fractional operators are presented because there is no
known physical interpretation for the initial conditions caused by
the R-L’s definition. Caputo’s definition with order o (n — 1< <n)
can be written as
t

1 ()
M) ), (t_T)aHindr. (11)

SD‘t"f(t)::

From the definitions of two types of fractional operators, we know
that the R-L derivative is constructed as the integer derivative of
the fractional integral while the Caputo derivative is the fractional
integral of an integer derivative.

An important property used in following sections is

I'(l1+puw) —a
Tasu—at (12)

where DY represents R-L (>0, u >—1) or Caputo (u>1>a >0, or
0<u > o> 1) fractional derivative. In particular, it should be men-
tioned that the Caputo derivative of a constant is zero, and this is
not the case for an R-L derivatives, that is

sDfe =

§pgc=o0, (13)

1

=gt ™ (14)

oDEC =

3.1.2. Integral transforms

Integral transform methods are the powerful tools to solve
fractional differential equations. Fourier transform and Laplace
transform are the methods frequently used in solving fractional
differential equations. The definitions are given as follows
o0

e~k f(x)dx, (15)
o0

fk) = Fifx); ky = /

f(P)zﬁ{f(f);p}=/ e Pf(t)de. (16)
0

Using the Fourier transform, the Riesz fractional derivative can
be defined by
FIVeg(x); k) = [k|*G(k), (17)

where G(k) is the Fourier transform of g(x).
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The formula for Laplace transform of Riemman-Liouville deriva-
tive is (Podlubny, 1999)

n-1
LloDEf(0); ) = P*F(p) = Y _pX[oDE ™ f ()] o (18)
k=0

while Laplace transform of Caputo derivative is

n-1
L{§DEF(0): p) = p*F(p) — »_p**1fM(0), (19)
k=0

where F(p) is the Laplace tranform of f{t) and « e(n—1, n] is the
fractional order.

3.2. Fractional anomalous diffusion equation

Due to the nature of heterogeneities (Metzler and Klafter,
2000b; Zhang et al., 2009), the Gaussian statistics may be modi-
fied in order to describe the anomalous diffusion in the complex
systems. In the drug delivery systems, a range of heterogeneity
length scales should be taken into account. If the heterogeneity
length scales are much smaller than the scale of system, the Gaus-
sian statistics holds and the transport behavior can be described
by standard diffusion relationship which is the mean squared dis-
placement in the course of time, i.e.,

(x%(t))~Dt. (20)

On the other hand, if the heterogeneities occur across a range of
length scales, with the largest approaching the domain scale, the
standard diffusion models maybe not suitable for describing the
transport phenomena, and anomalous transport behaviors should
be taken into account (Voller, 2010). Generally, a signature of
anomalous diffusion is that the mean squared displacement in the
course of time is a nonlinear power law rather than a linear growth,
ie,

(x2(£)~Dte. (21)

The process is called sub-diffusionif 0 < o < 1 while it is called super-
diffusionif o > 1. Fractional diffusion equations are usually obtained
from the standard diffusion equation by replacing the second order
space derivative by a fractional derivative of order 8 <(0, 2] or the
first order time derivative by a fractional derivative of order « € (0,
1]. The equations can be written as

5D¥C(x, 1) = DVEC(x, 1), (22)

where ((x, t) is the concentration of solvent. ;DY and Vf are the
time and space fractional derivatives in R-L, Caputo, Riesz or other
senses (Kilbas et al.,2006; Podlubny, 1999), and D s the generalized
diffusion coefficient whose dimension is [L?/T].

Sub-diffusive dynamics is characterized by strong memory
effects on the level of the probability density function (PDF) and
is classically described in terms of CTRW with a long-tailed waiting
time PDF. Mathematically, these assumptions will lead to a time
fractional diffusion equation. In contrast, when the jump lengths
are distributed according to a S-stable symmetric Lévy law and the
survival probability being of Mittag-Leffler type with index «, the
macroscopic evolution obeys the space-time fractional diffusion
(22).

3.3. Fractional flux

In the standard diffusion case, Fick’s first law is

0
F(x, t) = —DaC(x, t), (23)

C(x,t) 4
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Fig. 3. Profile of concentration of two moving boundary problem.

Due to the non-local property of anomalous diffusion, following
Chaves (1998), Zanette (1998) and Paradisi et al. (2001), we use the
generalized non-local Fick’s law

F(x, t) = —DoD}~*VE C(x, 1) (24)
to replace (23). Expression (24) can be obtained by combining the
continuity equation

aC
V.F+ Fri 0 (25)

with the fractional diffusion equation (22). As a result, the Stefan
condition can be written as

ds(t)
dt
From another point of view, Liu and Xu (2004) used the following
Stefan condition

(Co — Cs)oD2S(t) = DVE ' C(x, 1) (27)

(Co—Gs) = DD}~ *VE C(x, 1). (26)

to keep the balance of the dimensions.
3.4. Mathematical models of controlled drug release devices

To describe anomalous diffusion in the drug release process, Liu
and Xu (2004) firstly introduced an mathematical model using time
fractional diffusion equation. Li et al. (2007) generalized the time
fractional diffusion equation in Liu and Xu’s model to a space-time
fractional one. Li et al. (2008) also examined the space fractional
derivative of both Riemman-Liouville type and Caputo type and
obtained the similarity solutions. Yin and Xu (2009) studied the
drug release process in slow degradable matrix by using fractional
calculus. The profiles of the drug in the matrix can be shown in Fig. 2
or Fig. 3, where R(t) is the outer boundary of the matrix. Actually,
Fig. 2 is a special case of Fig. 3 (R(t)=0). All these models can be
written as

oD2C(x, t) = DVEC(x, 1), (0<a<1<PB<2, R(t)<x<S(t)

(28)
Cx,t)=0 (x=R()), (29)
Cx,t)=Cs (x=S(t)), (30)
(Co — cs)ds(t) = DD VA C(x, 1), (t>0), (31)

de
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(Co — Cs)oD2S(t) = DVE'C(x, 1), (t > 0), (31%)

S(t)=0 (t=0). (32)

The models mentioned above can be obtained based on different
fractional operators and boundary conditions.

Model-I (Liu and Xu, 2004) R()=0,0<a <1, B=2and V£ = 82 /9x2.
The boundary condition (31%) is used.

Model-II (Li et al., 2007) R(t)=0, 0<a <1, 1<f<2 and Vf is the
Riesz type derivative. The boundary condition (31) is used.
Model-III (Li et al., 2008) R(t)=0, 0<a<1,1<8<2 and Vf is the
Caputo type (casel) or the Riemman-Liouville type (case Il) deriva-
tive. The boundary condition (31) is used.

Model-1V (Yin and Xu, 2009) R(t)=¢t, 0<a <1, f=2 and vh—
02 /9x2. The boundary condition (31*) is used.

The time fractional derivative ¢DY in model-l is a sequen-
tial fractional derivative oDf = OD‘t"*ng under the assumption
oDﬁHC(x, t)|t=o = 0. In other models, the time fractional deriva-
tives are all defined in the Caputo sense.

4. Some results of fractional diffusion models
4.1. non-degradable matrix

The moving boundary problem is a special nonlinear problem
which is difficult to get the exact solution (Crank, 1987). Further-
more, many useful properties of integer derivatives are not known
to carry over analogously for the case of fractional derivative oper-
ator, such as a clear geometric or physical meaning, product rules,
and chain rules. In this study, we just give some results of the four
models mentioned above.

For model-I, Il and III, by using reduced dimensionless variables
defined as

X D\ Ve Cx, t) s
t=g t=(5) 9= sm-g (33)

and changing variables of the fractional derivatives similar to the
relations presented in Li et al. (2007, Appendix), the governing
equation (28) subject to the conditions (29)-(32) can be reduced
to the respective dimensionless forms,

oD¥O(E, T) = VEO(E 1), (0 <& <S(D)), (34)
9(57 T) = 07 (g = 0)7 (35)
06 D)=1, (E=S(), (36)

B F&, Dlescoy (37)
S(0)=0, (38)

where 1=(Co-Gs)/Cs and F(& 1)=oD}"*V#~10 is the non-
dimensional flux.

4.1.1. Integral transform method: model-I, I

The Laplace, Fourier and Mellin integral transforms are the most
common methods used to solve fractional diffusion equations in
certain domain (Metzler and Nonnenmacher, 2002; Metzler and
Klafter, 2000a; Mainardi et al., 2001, 2005). Mainardi et al. (2001)
discussed Cauchy problem for the space-time fractional diffusion
equation. The fundamental solution is obtained by using Mellin
transform with respect to the Fourier-Laplace representation of
the equation. Gorenflo et al. (2000) used the similarity method and
Laplace transform to obtain the scale-invariant solution of time-
fractional diffusion-wave equation in terms of Wright function.

Since we only consider the early stage of loss before the diffu-
sion front moves to R, the semi-infinite assumption can be used.
As a result, we first consider Eq. (34) in semi-infinite space which
satisfies

6(0,7)=0 (39)
and
A(&,0) = q = const. (40)

For time fractional diffusion, the above problem has been discussed
by Schneider and Wyss (1989) in detail. The solutions of the models
I and Il can be written as

6= q/ dy {G(IE -y, 7) -
0

where G(§, 1) is Green'’s function (or fundamental solution). It can
also be written as

GUE+y1, D)}, (41)

&
0§, 1) = Zq/ G(z, 1)dz. (42)
0
For model-I, Green’s function is
G(&. 1) *“/ZM (|$|r*“/2 2), (43)

The M(z;«) and W(z;«, B) are Mainardi and Wright functions
defined as (Podlubny, 1999)

S (=2)* @«

'Oé _ _ .
M(z; 5) = Zklr[ k+(1_g)]_w(—z,—§,1—5). (44)

0 2

While in the space-time fractional case (model-II), using G, g(§, 7)
to denote Green'’s function of our problem, we have

I(s/B)(A = (s/BNT (A —5)

1 1 r+ico s s
«& 7 = B o / 4 F(s/z)m—(s/2>)r(1—(as/ﬁ>>(r7> @
r—ioo (45)
- kH2) [sy () (v ﬂ)(”)] ’
7l een()

where y=a/B, 0<r<1, and Hh;%(z) is Fox H function (Mainardi et
al., 2005).

After some calculations, the solutions to model-I are obtained
as

05, 1) = K [1-w<—rf/2;—‘;,1)], (46)

S(r)y=p- /2. (47)
And K, p are the constants to be determined by the following equa-
tions
K= 1 (48)
T 1-W(—p;—(a/2),1)’
pnl"(1 +(a/2))

(1 —(a/2))W(-p; —(/2),1 - (a/2))

Using the Fourier transform of G, g(§, 7) and the integral expres-
sion of H function, 6(&, t) in model-II can be presented in terms of

Fox H function,

0(E, 7) 2‘1'!1_122 ( )(1 1)( )( %) , (50)
B 44 Ty ( ,/3)(1,1)(0,1)(1,%>

where q is a constant to be determined. Noting that the boundary

condition (36) has to be satisfied for all values of 7, S(t) must be
proportional to 77, i.e.

S(t) =pt?, (51)

K= (49)
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where p is a constant to be determined.
Substituting solutions (50) and (51) into the boundary condi-
tions (36) and (37), the equations for p and g can be written as

Zj 2,2 (1,%)(1,1)(1,%)(17%) B
,3H 4 |P (1,%)(1,1)(0,1)(1,%) =1 52

(R A0
(B

In order to get the value of p and g, we must solve the above
two equations. However, computing routine for H function is not
available. Fortunately, in some special cases, the H function can be
represented by convergent series which can be calculated. Some
results are listed in Li et al. (2007).

m\—‘
~—

2
npy = ﬂg H3§ {p

} . (53)

4.1.2. Similarity solution: model-IIl
The results of the two cases of model-III can be written as the
following theorems.

Theorem 4.1. The similarity transformations under which Egs.
(34)-(37) are invariant are given by the expressions

z=EtF, 6§ 1)=f(z) and S()=pr*/’, (54)
where p is a constant to be determined.
Theorem 4.2. The Caputo derivative SD‘;‘, (0 < a < 1) of the func-
tion O(&, T)=f(z), z=ET~*F is given by the relation
Cpu T« 0,1-a o 0,1-«
§Def(z) = T PR @) = ekf e (- @) (55)

where *PE}L_O[ is the Caputo-type modification of Erdélyi—Kober frac-
tional differential operator

b, 8 s [T 8(6+a—1)
Ky%g(y) = @) /y (W —y%)* +e-Dg(u)du, «> 0.
(56)
Theorem 4.3. The reduced form of Eq. (34) is given by
PYA e f(2)=0DES (2), (57)
and the conditions become
FO)=0. D) =1, 1y e Dl @ (58)

Theorem 4.4. As for case 1, the similarity solution of equation (57)
is
F@) = QW o1 @/ppp (@) (59)

where W, qy,)(2) is the generalized Wright function defined by

W( a)(vb n,VeR a,beC

Zk
Z I'(a+ uk)[(b+ vk)’ 7 - (60)

In the followmg analysis, the constraint —1 < <0, v>0is used.

Theorem 4.5. As for case 2, the similarity solution of equation (57)
is given by

f2) = 2P W 140/p)-axp.p)(@P)- (61)
Theorem 4.6. As for case 1, we have

+(a/B))
" WW(—aJ—(a/ﬂ))(ﬂl)(Pﬂ )
=P W a1 @pip,3-p(P”) (62)
and
1
G = (63)

PW(a1-a/pp.2)(PP)

With some computation, the value of C; and p can be obtained. Corre-
spondingly, as for case 2, we have

I'l+(«
' a—/ﬂ/ﬂ W(*Q,H(a/ﬂ)fa)(ﬂ,ﬂ)(pﬂ )
= W(—Ot,l-%—(ot/ﬁ)_a)(ﬂ.])(pﬂ) (64)
and
1

G = ’
pp-1 W(_a,1+(a/,3)—a)(ﬂsﬂ)(pﬂ)

(65)

4.1.3. Discussions on solutions

The dimensionless diffusion interface S(t) versus dimension-
less time 7 at various solute loading levels is shown in Fig. 4.
Curves 1-3 correspond to space fractional diffusion models, 4 cor-
responds to the ordinary diffusion model, 5-6 correspond to time
fractional diffusion models. It is obvious that the time fractional
diffusion model and the space fractional one describe sub-diffusion
and super-diffusion, respectively. It is consistent with the conclu-
sion of Metzler and Klafter (2000b, 2004). As for the same curve,
by comparing the four pictures in Fig. 4, we can see that the higher
initial solute loading level is, the longer the time to reach R for the
diffusion interface S(t) needs. These conclusions show the fact that
the models are well consistent with the truth.

For model-I, the amount of released drug per unit area of dimen-
sional variables given by Liu and Xu (2004) is

t
aC
M; = D— |y—odt =
t /0 X [x=0

where A2 =

But K is included in transcendental equations (48) and (49), and
the exact solution is difficult to apply. An approximate solution of
M

Kht1-e/2

T2 —a/2) (66)

)\’tlflx/z
T T2=a)2)
1/2
1 8Cs(Co— G )M (1 +a/2)  (4y + v?)C2
{ZUCS+|: T —a/2) + 3 (67)
where
v:Zalbal —aobazbl, 8:0%[76],

¥y = 2apazby? + a3by*b? — a%baz — agbyby — agar by by,

1 j+1
(10:['(1 —01/2), an:aoz]'r,( 0{/2-)‘11-1 _a/z)an —j»
j=1

. §
(-1)"q;

bn_z(n J+ DI —an—-j)/2+1-a/2]
J_

is provided.

When 0<a <1, Eq. (67) becomes
My oc t179/2 = ¢, ne[%,l). (68)
Formula (68) coincides with well known semi-empirical formula
(8), which is mentioned that n €[0.5, 1) is the non-Fickian process
by Ritger and Peppas (1987a).

The amount of drug released per unit area at time t can also be
obtained by using the following formula (Abdekhodaie and Cheng,
1996, 1997),

s(t)
M; = Cos(t) — / C(x, t)dx, (69)
0
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Fig. 4. Dimensionless diffusion interface S(7) versus dimensionless time at various solute loading levels. Curves 1-6 correspond to the cases that («, §) equals to (1, 1.25), (1,

1.5),(1, 1.75), (1, 2), (0.75, 2) and (0.5, 2), respectively.

while the total amount of drug per unit area is given by My, = CoR.
Using the variables in Eq. (33), we can get the fractional release in
a dimensionless form

S(t)
M Gs
M. —S(f)—/o 709(5’ T)d&. (70)
From solution (50) and formula (70), we obtain
M [ Gapapaa [ |(3)an(g) ()], g
M G B 7 |(13)ancin(1y) ’

Similarly, the fractional release can be obtained easily by using
the series forms of solution (59) and (61). The results are

M

C
M. = [P - F;ClpzW(—a,l—a/ﬁ)(ﬁ,3)(pﬁ):| TV, (72)
and
M; C
Mo = [ - cmzpﬂw(—w,1+a/ﬁ—a)(ﬂ,ﬁ+l)(pﬂ)} 28 (73)

The dimensionless fractional releases for the two cases of model-
IIl when n=3.5 versus to the dimensionless time t are shown in
Fig. 5. Apparently, for every set of parameters, case 1 needs less
time for the diffusion interface to reach R. To show the effects of
the initial drug loading, the fractional releases of case 2 of model-
IIl in the case «=0.75, B=1.75 are shown in Fig. 6. It is obvious
that the maximum fractional release increases as the increase of
the initial drug loading.

4.2. Degradable matrix: model-1V

Most researches in drug release were based on one moving
boundary model, which only considered the diffusion process in
non-degradable matrix. The shortcoming of non-degradable sys-
tem is that the matrix needs to be removed from patients. In many
cases, using biodegradable materials as matrices is an important

0.9 . . . . - .
08} Il :
0.7 i
06 E
8 0.5F E
=
\-v—t
= 04 case 1, a=1, B=1.75 1
03 ‘ case 2, a=1, p=1.75
: - case 1, 0=0.75, =1.75
0.2 case 2, 0=0.75, B=1.75 |
’ — — —case 1, a=1,p=1.5
0.1 - — —case2,a=1,p=1.5 i
0 . . . . . .
0 0.5 1 1.5 2 2.5 3 3.5 4
T

Results of M;/M,, versus to t.
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T
Fig. 6. Results of M;/M,, versus to t for case 1 of model-IIl. =0.75, $=1.75.

advantage without patient’s second surgery for taking matrix out.
Furthermore, the additional degradable boundary can also moder-
ate drug release rate.

4.2.1. Two-parameter regular perturbation method: model-1V

In particular, taking into account of the effect of degradable
matrix, the mathematical analysis on drug release kinetics becomes
more complicated with the presence of a second moving bound-
ary, namely degradable interface (shown in Fig. 3). Especially, the
approximation methods with some numerical computation should
be applied to moving boundary problems. The perturbation method
is a powerful tool to solve the nonlinear equations. Cohen and
Erneux (1988a,b) introduced the perturbation method to investi-
gate the diffusion process in planar glassy polymers. Lin and Peng
(2005) also applied perturbation method to the research of drug
release in a spherical swelling polymer. Then, the perturbation
method was introduced by Yin and Xu (2009) to get an approxi-
mation analytic solution of drug release in slow degradable matrix.

Some assumptions in Yin and Xu (2009) are listed as follows:
(1) The polymer as a slab matrix should be degraded very slowly.
(2) A perfect sink condition at degradable interface is assumed. (3)
The diffusivity D of drug in matrix system is constant. (4) The initial
loading concentration Cy of drug is much greater than the solubility
Cs of drug, i.e. Cy > C;. By introducing the following dimensionless
variables

_Cx,t) ., (D\Ve e
Ox, t) = G = (Riz) t, &= C707
**_R(t) **_S(t) *_X
()= gy =50 e X

where ¢ ~0(1) from the fourth assumption is ratio of initial con-
centration C; and solubility Cy and R is the scale of length, the
dimensionless equations are obtained while omitting the “* for
brevity in the following paper:

CD%G(x, t) = &6 (R(t) < x < S(t)) (74)

0T AT k2 ’

0x,t)=0 (x=R(t)), (75)

0x,t)=1 (x=S5(t)), (76)

(e -1pes =2 >0, (77)
X x=S(t)

R(t)=S(t)=0 (t=0). (78)

The new dimensionless space-time variables are introduced
y=x—R(t), (79)
X(t)=5(t) — R(t). (80)

From the first assumption, we have

R(t)=¢&t,  {~o(1), (81)

where ¢ represents the dimensionless moving velocity of degrad-
able interface. And dimensionless parameters ¢ and ¢ are smaller
than one.

Two-parameter regular perturbation method is introduced to
solve the nonlinear equations. and the solutions of the equations
can be assumed as

0y, t;¢,8) =00y, £) + 01(y, )s + O2(y, t)e + -+, (82)
X(t;¢,8)=Xo(t) + X1 () + Xa(t)e + - --. (83)

Substituting Eqgs. (79)-(83) into Egs. (74)-(78) and equating the
terms with identical powers of ¢ and &, the equations of zero, one
and two orders can be solved.

Using Fourier and Laplace integral transforms, the solutions of
concentrations can be written as

oty )= Ho [[1-w (--25:-5.1)]. (84)

&wn=”WWWW(” 52-a)

2 w22
THo 1_a/2 -y, a, «a
+-t W(W’ 2,2 2), (85)
ulw(ly .«
0.0 =t [1-W (- 25:-5.1))] (86)

and the solutions of diffusion moving boundaries are

Xo(t) =0, (87)
Xq(t) = —t, (88)
Xo(t) = ot (89)

= Fa+ay

where Hg, H; are integral constants to be determined from Stefan
conditions.

4.2.2. Discussions on solutions

Considering the special case ({=0), two moving boundaries
problem can be simplified to one moving boundary problem dis-
cussed by Liu and Xu (2004). Figs. 7 and 8 show that how velocity of
diffusion interface varies with different parameters « and €. From
Fig. 7, the diffusion interface runs faster when « increases. From
Fig. 8, the diffusion interface runs faster when ¢ increases. The
parameter « can be controlled by using different polymer matrices,
while the parameter ¢ can be controlled by using different loading
drug. We can vary the two parameters to control the rate of drug
release.

Fig. 9 shows the comparison between exact solution and
approximation solution. When ¢ is determined, approximation
solution curve runs faster than exact solution curve. But the differ-
ence between exact solution and approximation solution becomes
smaller when the ¢ decreases.

Considering the degradable boundary condition, two moving
boundaries are obtained as

R(t) = ¢t, (90)
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Fig. 7. The dimensionless diffusion interface S(t) versus dimensionless time t with
different «.
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Fig. 8. The dimensionless diffusion interface S(t) versus dimensionless time t with
different .
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Fig. 9. The comparison between exact solution and approximation solution (when
a=0.5).Curves 1,3,5 correspond to exact solution when ¢ =(0.05,0.01,0.001), Curves
2, 4, 6 correspond to approximation solution when ¢=(0.05, 0.01, 0.001), respec-
tively.

S(t) =X(t)+R(t)
= Xo(f) -‘er(t)f +X2(t)8 +ot+---

HOtOt/Z
= =—=&+ -
Ir'l+a/2)

Because the degradable velocity is very slow, it can not influence the
diffusion interface evidently and rate of diffusion interface would
be the main factor of drug release. Although smaller ¢ can make
approximation solution get closer to exact solution, smaller ¢ also
results that the diffusion interface runs slower. If degradable inter-
face runs faster than diffusion interface, degradable velocity of
matrix would be the main factor of drug release and the mechanism
of system would change.

(91)

5. Conclusions

Since the remarkable work of Higuchi (1961) was published, the
mathematical model and simulation of drug release process have
been developed by many scientists (Arifin et al., 2006). The theoret-
ical researches on predicting mechanism of drug delivery system
have developed into an important component as well as experi-
mental studies. Most of previous studies in this field focused on the
ordinary diffusion process. In the past few decades, fractional cal-
culus has attracted a good deal of attention due to its applications in
the modeling of complex systems. Fractional anomalous diffusion
equation is one of most studied subjects. Fractional calculus pro-
vides a scientific basis for the analysis of diverse and heterogeneous
process of drug release.

Replacing the diffusion equations by fractional ones in classical
models for drug release process, four fractional models are intro-
duced to describe anomalous diffusions. Some methods and results
of fractional diffusion equations are presented in this review.

Until now, only some simple cases of fractional diffusion equa-
tion in drug release process are investigated. Mathematical models
considering more factors like matrix of other geometric shapes or
swelling matrix will be focused on in the future. With the help of
fractional calculus, we believe the mechanism of anomalous dif-
fusion would be investigated more deeply and can be used into
practical application flexibly.
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